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dVt =
d+2∑
i=0

ξi
tdP i

t +
∑
i∈ρ

ηi
tdB i

t + C +
t r c,l

t dt − C−t r c,b
t dt − dAt

+ (Vt − Ct −
∑
i∈ρc

ξi
tP i

t)+r l
t dt − (Vt − Ct −

∑
i∈ρc

ξi
tP i

t)−rb
t dt,

X̃t = e−
∫ t

0 rD
s dsXt , κ̃ = e−

∫ T
0 rD

s dsκ, Yt = Vt − Ct , τ = τ I ∧ τC ,

dP i
t = P i

t(rtdt + σi
tdWt), i ∈ {0, 1, . . . , d}

dP i
t = P i

t−(rtdt + σi
tdWt − dM i

t), i ∈ {I,C}.

Junbeom Lee, Chao Zhou Recovering Linear Equations of XVA in Bilateral Contracts
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At = 1(0,τ)(t)Ac

t + 1τ≤T1[τ,T ](t)θτ
θτ = ετ + 1t<τC≤τ I∧T LC (ετ − Cτ−)− − 1t<τ I≤τC∧T LI(ετ − Cτ−)+
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t − C̃−t bc,b
t

Junbeom Lee, Chao Zhou Recovering Linear Equations of XVA in Bilateral Contracts



Why?

Goal) Recovering linear BSDEs by comparison of Kt
[El Karoui et al., 1997].

Why?) Given that we realize non-negligible spreads between
lending/borrowing rates, r l

t/rb
t , the value of a derivative is

1. explicit solution [Piterbarg, 2010, Bichuch et al., 2015] with
the assumption, r l

t = rb
t ( or r f

t = 1
2 (r l

t + rb
t ) )

2. numerical approximation
I Analytical approximation [Gobet and Pagliarani, 2015]
I Least Square Monte Carlo
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The pitfall: Numercial Test for a Call Option

I Call Option
I least square Monte Carlo simulation,
I basis for conditional expectation is second order polynomial
I # of simulation=10000, ∆t = 0.025
I parameters:

γ σ r l rb r T
0 0.2 0.001 0.3 0.005 0.5
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The pitfall: Numercial Test for a Call Option
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Assumption: What are restricted and not restricted

I Stochastic interest rates.
I Non-Markov
I The condition in our result is about r c,b

t , r c,l
t and collateral

rule. We do not touch what is given such as r l
t and rb

t .
I Deterministic volatility, spreads. Constant hazard rates.
I Immersion Hypothesis
I Complete market
I ρ = ∅ for interest rate derivatives and ρ = {I,C} for others
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Malliavin Calculus

− Ỹt =C̃t −
∫ τ̄

t+
(BD

s )−1dAs +
∫ τ̄

t+
f̃sds +

∫ τ̄

t+
m(s, C̃s)ds

+
d+2∑
i=0

∫ τ̄

t+
ξi

s P̃ i
sσ

i
sdWQ

s −
∑

i∈{I,C}

∫ τ̄

t+

∫
R
ξi

s P̃ i
s−zµ̃i ,Q(ds, dz)

Lemma

1) If σ0
t = σI

t = σC
t , 1 · (σ∗t )−1DtỸt =

d+2∑
i=0

ξi
t P̃ i

t

2) If σI
t = σC

t = 0, 1 · (σ∗t )−1DtỸt =
d∑

i=0
ξi

t P̃ i
t .

3) For i ∈ {I,C}, −Di ,t,1Ỹt = ξi
t P̃ i

t .
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Comparison

−Ỹt =Jt +
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s)
)
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+
d+2∑
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s)zµ̃i ,Q
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A. ε̃t = E(
∫ T

t+ B−1
s dAc |Ft) and C̃t = γε̃t , where 0 ≤ γ ≤ 1

B. ε̃t = Ṽt and C̃t = γṼt , where 0 ≤ γ ≤ 1
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Main result: ε̃t = E(∫T
t+ B−1

s dAc |Ft) and C̃t = γε̃t

J̃t = C̃t −
∫ τ̄

t+
(BD

s )−1dAs +
∫ τ̄

t+
m(s, C̃s)ds. (1)

Proposition

Let t < τ and Q be an equivalent martingale measure with BD
t as

the numéraire. Assume
(i) J̃t ∈ D1,2 for all t ∈ [0, τ̄ ],
(ii) for all t ∈ [0, τ̄ ], k ∈ {0, 1, . . . , d}, i , j ∈ {I,C}

EQ
(∫ τ̄

0
|Dk,s J̃t |2ds

)
<∞,

EQ
(∫ τ̄

0
|Di ,s,1J̃t |2λj,Qds

)
<∞,
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Proposition
(iii) 1 · (σ∗u)−1Du J̃t ≥ J̃t a.s for all u ≤ t,
(iv) If σ0

t = σI
t = σC

t , ρ = ∅. Otherwise ρ = {I,C},
(v) for i ∈ {I,C}, when i ∈ ρ, bi

t ≤ λi ,Q, otherwise bb
t ≤ λi ,Q

(A stronger condition which is easier to check is that
f̃ (t, y , z , z I , zC ) is non-decreasing with respect to z I and zC ),

Then Ỹt is a unique solution of linear BSDE:

−Ỹt =J̃t +
∫ τ̄

t+
bb

s (Ỹs −
∑
i∈ρc

ξi
s P̃ i

s)−
∑
i∈ρ

bi
sξ

i
sP i

sds

+
d+2∑
i=0

∫ τ̄

t+
ξi

s P̃ i
sσ

i
sdWQ

s −
∑

i∈{I,C}

∫ τ̄

t+

∫
R
ξi

s P̃ i
s−zµ̃i ,Q(ds, dz).
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Example: Stock Forward

Example (Stock Forward)
I The assets follow the following dynamics

dSt = rtStdt + σStdWt

dP I
t = rtP I

t dt − P I
t−dM I

t

dPC
t = rtPC

t dt − PC
t−dMC

t ,

where rt is deterministic and σ is constant,
I Ac

t = 1[T ](t)(ST − κ).
I ρ = {I,C}
I r c,l

t ≤ rt = r c,b
t (or γ = 0),

I r i
t ≤ λi + rt for i ∈ {I,C}.
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Example: Interest Rate Swap

Example (Interest rate swap)
I The assets follow:

dP i
t = P i

t(rtdt + σi dWt), i ∈ {0, 1, . . . , d}
dP i

t = P i
t−(rtdt + σi dWt − dM i

t), i ∈ {I,C}.
I Ac

t = 1[T ](t)Φ(PT ) = 1[T ](t)(1− Pd
T − κ

d∑
i=1

δi P i
T ).

I If short rate process, rt , will follow the dynamics:
drt = β(t, rt)dt + σr dWt , where β : [0,T ]×R→ R σr is
assumed to satisfy the condition that

1 + 1 · (σ∗)−1
∫ T

t
(σr )∗ds ≤ 0, a.s.

(
In Vasicek, 1 + (σ)−1

∫ T

t
σr ds = 1− a(T − t)

1− e−a(T−t) ≤ 0
)
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ε̃t = Ṽt and C̃t = γṼt

−Ṽt =J̃t +
∫ τ̄

t
(1K≥0bl

s + 1K<0bb
s )

Ṽs(1− γ)−
∑
i∈ρ

ξi
s P̃ i

s

 ds

−
∫ τ̄

t

∑
i∈ρc

bi
sξ

i
s P̃ i

sds

+
∫ τ̄

t+
a1

s Ṽ +
s − a2

s Ṽ−s ds +
d+2∑
i=0

∫ τ̄

t+
ξi

s P̃ i
sσ

i
sdWQ

s ,

where J̃t = −
∫ τ̄

t+(BD
s )−1dAc

s , a1
t = λI,QLI(1− γ) + bc,l

t − λQ and
a2

t = λC ,QLC (1− γ) + bc,b
t − λQ. Note that both a1

t and a2
t are

deterministic.
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Lemma

Consider the following BSDE

−Ṽt = ζ̃ +
∫ τ̄

t
a1

s Ṽ +
s − a2

s Ṽ−s ds +
∫ τ̄

t
Z̃sdWQ

s . (2)

Assume ζ ≤ 0, ζ ∈ L2
T and ai

t are processes that makes the
generator standard. Then Ṽt ≥ 0.

Proof.
Let us consider the following BSDEs

−Ṽ ′t =
∫ τ̄

t
a1

s Ṽ ′+s − a2
s Ṽ ′−s ds +

∫ τ̄

t
Z̃ ′sdWQ

s . (3)

Then (Ṽ ′t , Z̃ ′t) = (0, 0) is the unique solution of (3). Therefore,
proof is done by applying comparison principle to (2) and (3).
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Example: Put Option on a Stock

Example (Put option on a stock)

We assume
I The assets follow the dynamics:

dSt =r l
t Stdt + σStWQ

t

dP I
t =r I

t P I
t dt − P I

t−dM I,Q
t

dPC
t =rC

t PC
t dt − PC

t−dMC ,Q
t ,

under a new probability, Q.
I ρ = {I,C},
I Ac

t = 1[T ](t)(κ− ST )+. Therefore, ε̃t = c̃(t, St)
I r c,l

t ≤ r l
t ≤ rb

t .
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Example: Floating Strike Asian Call Option

Example (Floating strike Asian call option)

I The assets follow the dynamics:

dSt =r l
t Stdt + σStWQ

t

dP I
t =r I

t P I
t dt − P I

t−dM I,Q
t

dPC
t =rC

t PC
t dt − PC

t−dMC ,Q
t ,

under a new probability, Q.
I Ac

t = 1[T ]Φ(ST ) = 1[T ](t)(ST − κA(0,T ))+ where
A(0,T ) = exp

(
1
T
∫ T

0 ln(Su)du
)

I ρ = {I,C}
I r c,l

t ≤ r l
t ≤ rt ≤ rb

t .
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REMARK: Extensibility and Weakness

Remark
I (Carr-Madan decomposition) For any f ∈ C2(R)

f (S) =f (κ) + f ′(κ)(S − κ)+∫ κ

−∞
f ′′(K )(K − S)dK +

∫ ∞
κ

f ′′(K )(S − K )dK

I If a function f has a bounded Hessian on A ⊂ Rd , it can be
decomposed into the sum of a convex function and a concave
function. [Yuille et al., 2002]
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Thank you!
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